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CLASSIFICATION OF STANDARD MODULES WITH LINEAR PERIODS
MIYU SUZUKI
Abstract. Suppose that F is a non-Archimedean local field andD is a central division algebra over
F . Let n be a positive integer. We show a classification modulo essentially square-integrable repre-
sentations of standard modules of GLn(D) which have non-zero linear periods. By this classification,
the conjecture of Prasad and Takloo-Bighash is reduced to the case of essentially square-integrable
representations.
1. Introduction
Suppose that F is a non-Archimedean local field and E is a quadratic extension of F . Take a
positive integer n and a central division algebra D over F of dimension d2. Set G = Gn = GLn(D),
which is the multiplicative group of Matn(D). Let ν = νn denote the composition of the reduced
norm of Matn(D) and the normalized absolute value of F . Assume that E embeds in Matn(D)
and let H = CG(E
×) be the centralizer of E× in G. Note that the centralizer CMatn(D)(E) of E
in Matn(D) is a central simple algebra over E. Let χ be a character of E
× and regard it as a
character of H by composing with the reduced norm of CMatn(D)(E). An admissible representation
pi of G is said to be (H,χ)-distinguished if HomH(pi, χ) 6= 0. Prasad and Takloo-Bighash proposed
a conjecture [PTB11, Conjecture 1] about (H,χ)-distinguished representations. The following is
χ = 1 case of that conjecture.
Conjecture 1.1. Let pi be an irreducible, admissible representation of G with trivial central char-
acter such that the corresponding representation of GLnd(F ) is generic.
(1) If pi is H-distinguished,
(i) The Langlands parameter of pi takes values in the symplectic group Spnd(C).
(ii) The root number satisfies ε(pi)ε(pi ⊗ ηE/F ) = (−1)
nηE/F (−1)
nd/2.
(2) If pi is an essentially square integrable representation satisfying (i) and (ii), then pi is H-
distinguished.
This conjecture is based on the result of Tunnell [Tun83] for the case of D = F with odd
residual characteristic and n = 2. There are a lot of research to generalize this result. Saito gave
a simpler proof of Tunnell’s result in [Sai93] including the case of residual characteristic 2 when
the characteristic of F is 0. Prasad [Pra07] obtained a different proof of Saito’s result based on a
global theory.
The next three results of [PTB11], [FMW18] and [Xue] are for the case of characteristic 0. Prasad
and Takloo-Bighash proved Conjecture 1.1 in [PTB11] for representations of GL2(D) where D is a
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quaternion algebra. They used the theta correspondence between GSO6 and GSp4. In [FMW18],
Feigon, Martin and Whitehouse obtained (1) when D = F and pi is supercuspidal, by using a
relative trace formula. Using the same relative trace formula in a different way, Xue proved (1)
for all essentially square-integrable representations and (2) for supercuspidal representations with
supercuspidal Jacquet-Langlands transfer to GLnd(F ) ([Xue]). When D is a quaternion algebra or
D = F , Xue also proved (2) for all supercuspidal representations.
The following results of [Cho19] and [CM] cover the case of all non-Archimedean local fields of
odd residual characteristic. In [Cho19], Chommaux proved the original conjecture (for a general
character χ) for Steinberg representations by Mackey machinery. This result also covers the case
where F has characteristic 0 and the residual characteristic 2. Chommaux and Matringe showed
the original conjecture when D = F and pi is a supercuspidal representation of depth zero ([CM]).
In [Se´c20], Se´cherre proved the conjecture for all supercuspidal representations when F has
characteristic 0 and odd residual characteristic, by using Bushnell-Kutzko type. Recently, Xue
and the author proved that Conjecture 1.1 for essentially square-integrable representations reduces
to the case of supercuspidal representations when the characteristic of F is 0 ([SX]). See also
[Se´c20, Section 1.7] for a historical review on this conjecture and other related research.
The goal of this paper is to prove the next theorem.
Theorem 1.2. Suppose P = MU is a standard parabolic subgroup of G corresponding to the
partition n = (n1, . . . , nt) of n. Let pi = ∆1 × · · · × ∆t be a standard module of G induced from
segments on M . Then, pi is H-distinguished if and only if there is an involution σ ∈ St such that
∆σ(i) ≃ ∆
∨
i for all i and if σ(i) = i, E embeds in Matni(D) and ∆i is CGni (E
×)-distinguished.
Here, CGni (E
×) is the centralizer of E× in Gni .
From this, we can reduce Conjecture 1.1 (1) to the case of essentially square-integrable repre-
sentations.
Theorem 1.3. Conjecture 1.1 (1) for essentially square-integrable representations implies the gen-
eral case.
Combining this theorem with [Se´c20] and [SX], we see that Conjecture 1.1 holds when the
characteristic of F is zero and the residual characteristic is different from 2. WhenD is a quaternion
algebra or D = F , we can remove the condition on the residual characteristic by applying [Xue]
instead of [Se´c20].
2. Notation
Suppose that F is a non-Archimedean local field and E is a quadratic extension of F . Take a
positive integer n and a central division algebra D over F of dimension d2. Set G = Gn = GLn(D),
which is the multiplicative group of Matn(D). Let ν = νn denote the composition of the reduced
norm of Matn(D) and the normalized absolute value of F . Assume that E embeds in Matn(D)
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and let H = CG(E
×) be the centralizer of E× in G. Note that the centralizer CMatn(D)(E) of E in
Matn(D) is a central simple algebra over E.
2.1. Parabolic subgroups. For an ordered partition λ = (n1, . . . , nt) of n, let P = Pλ be the
parabolic subgroup of G consisting of matrices of the form

g1 ∗ ∗
. . . ∗
gt

 ∈ G, gi ∈ Gni .
Write by M = Mλ the Levi subgroup of P consisting of matrices of the form diag(g1, . . . , gt)
with gi ∈ Gni . Let U = Uλ be the unipotent radical of P . Let P0 be the minimal parabolic
subgroup corresponding to the partition λ0 = (1, . . . , 1) and set M0 =Mλ0 . A parabolic subgroup
of G is called standard parabolic subgroup if it contains P0. A standard parabolic subgroup of G
has a unique Levi component which contains M0 and is called a standard Levi component. By a
parabolic subgroup (resp. Levi component) we shall always mean a standard parabolic subgroup
(resp. Levi component). A Levi subgroup of G will be a Levi component of a parabolic subgroup
of G. Throughout the paper, the letters P , M and U are reserved for parablic subgroups, their
Levi components and their unipotent radicals respectively. For a Levi subgroup M of G, we say
that a parabolic subgroup of M is standard if it contains P0 ∩M .
Let P = MU be a parabolic subgroup of G and dp a left Haar measure on P . There is a
continuous character δP : P → R>0, called the modulus character of P , which satisfies
d(pp′) = δP (p
′)−1dp
for all p′ ∈ P .
2.2. Representations. Let P = MU be a parabolic subgroup of G and ρ an admissible repre-
sentation of M on a complex vector space Vρ. Denote by Ind
G
P (Vρ) the space of locally constant
functions f : G→ Vρ satisfying
f(pg) = δ
1/2
P (p)ρ(p)f(g)
for all p ∈ P and g ∈ G. The representation of G on this space given by right translation is called
the parabolically induced representation from (ρ, Vρ) and denoted by (Ind
G
P (ρ), Ind
G
P (Vρ)).
Let λ = (n1, . . . , nt) be the partition corresponding to P . Take a representation (ρi, Vi) of Gni
for each i and set (ρ, Vρ) = (ρ1 ⊠ · · · ⊠ ρt, V1 ⊗ · · · ⊗ Vt). This is a representation of M . We
extend ρ to a representation of P so that U acts trivially on Vρ and write the parabolically induced
representation IndGP (ρ) by ρ1 × · · · × ρt.
Let P ′ =M ′U ′ be a standard parabolic subgroup ofM . We denote by Vρ(P
′) the subspace of Vρ
spanned by elements of the form ρ(u′)v − v with v ∈ Vρ and u
′ ∈ U ′. Set rM ′,M(Vρ) = Vρ/Vρ(P
′)
and we call this the Jacquet module of Vρ with respect to P
′. We write the natural projection
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Vρ → rM ′,M (Vρ) by jP ′ and define the representation rM ′,M(ρ) of M
′ on rM ′,M (Vρ) by
rM ′,M (σ)(m)jP ′(v) = δ
−1/2
P ′ (m
′)jP ′(σ(m
′)v), v ∈ V, m′ ∈M ′.
We briefly recall basic facts about representations of G. We refer to [LM16, Section 3] for details.
Let k and t be positive integers such that n = tk and ρ an irreducible supercuspidal representation
of Gk. There is a positive integer lρ such that the induced representation ρ×ν
lρ for l ∈ R is reducible
if and only if l ∈ {±lρ}. For a pair of integers (a, b) such that b− a = t− 1, the set
[a, b]ρ = {ρν
alρ , . . . , ρνblρ}
is called a segment of G. Let L([a, b]ρ) denote the unique irreducible quotient of ρν
alρ × · · ·× ρνblρ .
For an irreducible essentially square-integrable representation pi of G, there is a unique segment ∆
such that pi = L(∆).
Let ∆ = [a, b]ρ and ∆
′ = [a′, b′]ρ′ be two segments. We say that ∆ and ∆
′ are linked if ∆ ∪∆′
is a segment but neither ∆ ⊂ ∆′ nor ∆′ ⊂ ∆. If ∆ and ∆′ are linked and ρ′νa
′lρ′ = ρν(a+j)lρ with
some j > 0, we say that ∆ precedes ∆′. Let λ = (n1, . . . , nt) be a partition of n and ∆i a segment
of Gni . Let m denote the multi-set {∆1, . . . ,∆t}. Such a multi-set is called a multisegment. The
induced representation ∆1 × · · · × ∆t is called a standard module if for every 1 ≤ i < j ≤ t, ∆i
does not precede ∆j . A standard module has a unique irreducible quotient L(m). Note that the
isomorphsim class of L(m) depends only on m. For an irreducible admissible representation pi of
G, there is a unique multisegment m such that pi = L(m).
A multisegment m = {∆1, . . . ,∆t} is said to be totally unlinked if ∆i and ∆j are not linked for all
i, j = 1, . . . , t. For a multisegment m = {∆1, . . . ,∆t} ofG, the induced representation ∆1×· · ·×∆t is
irreducible if and only if m is unlinked. If this is the case, the induced representation is independent
of the ordering of the segments. When D = F , this is equivalent to say that L(m) is generic.
Let pi = ∆1 × · · · × ∆t be a standard module of G. For a supercuspidal representation ρ,
set Zρ = {ν
mlρ | m ∈ Z} and piρ = ∆i1 × · · · × ∆il , where ∆ij ⊂ Zρ and ∆j 6⊂ Zρ for all
j 6∈ {i1, . . . , il}. Reordering the segments, we may write pi ≃ piρ1 × · · · piρp . Further we assume that
piρi = [a
i
1, b
i
1]ρi × · · · × [a
i
qi , b
i
qi ]ρi with b
i
1 ≥ · · · ≥ b
i
qi for each i. We call the expression piρ1 × · · · piρp
a right-ordered form of the standard module pi.
2.3. Jacquet-Langlands transfer. In this subsection, we summarize basic facts about Jacquet-
Langlands transfer. For details, see [Bad08, Section 2].
Jacquet-Langlands transfer is a bijection from the set of irreducible essentially square-integrable
representations of G to that of GLnd(F ). We write this map by JL. For an irreducible supercuspidal
representation ρ of Gk, we have JL(ρ) = L
([
1−lρ
2 ,
lρ−1
2
]
ρ′
)
fore some irreducible supercuspidal
representation ρ′ of GLkd/lρ(F ).
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For a segment ∆ = [a, b]ρ of G, let JL(∆) be the segment of GLnd(F ) such that JL(L(∆)) =
L(JL(∆)). We have
JL(∆) =
[
(2a− 1)lρ + 1
2
,
(2b+ 1)lρ − 1
2
]
ρ′
and it is easy to check that for two segments ∆ and ∆′, ∆ precedes ∆′ if and only if JL(∆) precedes
JL(∆′).
Let m = {∆1, . . . ,∆t} be a multisegment of G and pi = L(m) the associated irreducible admissible
representation of G. Define a multisegment JL(m) of GLnd(F ) by JL(m) = {JL(∆1), . . . , JL(∆t)}.
We set JL(L(m)) = L(JL(m)) and call it the representation of GLnd(F ) corresponding to L(m).
In [Bad08, Section 2.7], JL(L(m)) is denoted by Qn(L(m)). From the above remark, we see that
JL(∆1) × · · · × JL(∆t) is a standard module attached to JL(m). Moreover, the corresponding
representation is generic if and only if m is totally unlinked.
3. Proof
Let P =MU be a standard parabolic subgroup of G corresponding to the partition (n1, . . . , nt)
of n. We recall some facts on coset representatives for P\G/H from [Cho19]. Let I(P ) be the set
of symmetric matrices s = (ni,j) ∈ Matt(Z) with non-negative entries such that the sum of i-th row
equals ni for each i = 1, . . . , t and when d is odd, all diagonal entries are even. The set P\G/H is
in bijection with I(P ) and an explicit choice of the coset representative corresponding to s ∈ I(P ),
which we write by us, is given in [Cho19]. For a subgroup C of G, we set C
us = C ∩ usHu
−1
s . We
say that us or the coset represented by it is P -admissible if s is a monomial. Take s = (ni,j) ∈ I(P )
and set u = us. Let Ps = MsUs be the standard parabolic subgroup of G corresponding to the
partition (n1,1, n1,2, . . . , nt,t−1, nt,t) of n. Note that ni,j could be 0 and such entries are ignored.
Let pi = ∆1 × · · · ×∆t be a standard module of G induced from a segment ∆ = ∆1 ⊠ · · · ⊠∆t on
M .
For s = (ni,j) ∈ I(P ), the Jacquet module rM,Ms(∆) of ∆ with respect to the standarad parabolic
subgroup Ps ∩M =Ms(Us ∩M) of M is written as
∆1,1 ⊠∆1,2 ⊠ · · ·⊠∆t,t−1 ⊠∆t,t,
where ∆i,j is a segment on Gni,j for i, j = 1, . . . , t such that ∆i = ∆i,1⊔· · ·⊔∆i,t with the convention
that Gni,j = {1} and ∆i,j is the trivial representation if ni,j = 0.
The following is [BM19, Proposition 5.5], which is a consequence of the Mackey theory.
Lemma 3.1. Let pi = ∆1 × · · · × ∆t be a standard module of G induced from segments on M .
Suppose that pi is H-distinguished. Then there is s ∈ I(P ) such that the Jacquet module rM,Ms(∆)
on Ms is M
us
s -distinguished. If we write rM,Ms(∆) as above, this is equivalent to ∆i,j ≃ ∆
∨
j,i for
all i, j and ∆i,i is CGni,i (E
×)-distinguished for all i.
By a standard argument, we can show that only P -admissible cosets contribute to H-invariant
linear forms.
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Lemma 3.2. Let pi = ∆1 × · · · × ∆t be a right-ordered form of a standard module of G induced
from segments on M . If u = us is not P -admissible, then the Jacquet module rM,Ms(∆) is not
Mus -distinguished.
Proof. This result is stated in [Gur15, Lemma 3.3] for Galois involution, which is a generalization
of [Mat11]. The proof holds almost verbatim for our case. We include the proof for completeness.
Assume that u = us is not P -admissible and rM,Ms(pi) is M
u
s -distinguished. Since u is not P -
admissible,Ms is strictly contained inM . There exists 1 ≤ i ≤ t such that {ni,j | j = 1, . . . , t}−{0}
is not a singleton. Let i0 be the minimal such index. We write ∆i0 = [a, b]ρ with some supercuspidal
representation ρ and integers a < b. There are some integers c and d such that a ≤ c ≤ d < b
and ∆i0,1 = [d + 1, b]ρ and ∆i0,2 = [c, d]ρ. Note that we have ∆1,i0 ≃ ∆
∨
i0,1
≃ [−b,−d − 1]ρ∨ and
∆2,i0 ≃ ∆
∨
i0,2
≃ [−d,−c]ρ∨ . Since ∆ = ∆1 × · · · × ∆t is a right-ordered form, ∆1 ≃ [a
′, b′]ρ∨ for
some integers a′ ≤ −b and b′ ≥ −c ≥ −d > −d − 1. In particular, i0 > 1. Write ∆1,1 ≃ [e, b
′]ρ∨
with some −d ≤ e ≤ b′. Since ∆1,1 is self-dual, we have ∆1,1 ≃ [−b
′,−e]ρ. From the minimality of
i0, we obtain ∆1 = ∆1,1. This contradicts the fact that ∆ = ∆1 × · · · ×∆ is a right-ordered form
since −e < b. 
The main theorem is a straightforward consequence of Lemma 3.2.
Proof of Theorem 1.2. Suppose that ∆ is H-distinguished. From Lemma 3.1, there is s ∈ I(P )
such that rM,Ms(∆) is M
us
s -distinguished. By Lemma 3.2, u = us is P -admissible. In other words,
s is a monomial matrix in Matt(Z≥0). Let σ ∈ St be the corresponding permutation. Then σ is an
involution and satisfies the desired conditions.
By the same argument as the proof of [Mat17, Proposition 10.3], we obtain the converse impli-
cation. 
Now we deduce Theorem 1.3 from Theorem 1.2.
Proof of Theorem 1.3. Let pi = ∆1 × · · · ×∆t be a standard module of G which has a surjection
onto pi. Since pi is H-distinguished, so is pi. Let σ ∈ St be the permutation of Theorem 1.2. It is
easy to check that the L-parameter of pi takes values in the symplectic group. What we have to
show is the equation of Conjecture 1.1 (ii). We have
ε(pi)ε(pi ⊗ ηE/F ) =
t∏
i=1
ε(∆i)ε(∆i ⊗ ηE/F ).
Suppose that ∆ is H-distinguished. Let σ ∈ St be the involution in Theorem 1.2. For each i, let
ωi be the central character of ∆i. Since ∆σ(i) ≃ ∆
∨
i , we have
ε(∆i)ε(∆σ(i)) = ωi(−1), ε(∆i ⊗ ηE/F )ε(∆σ(i) ⊗ ηE/F ) = ωi(−1)ηE/F (−1)
nid.
Hence we get
ε(pi)ε(pi ⊗ ηE/F ) =
∏
i;σ(i)<i
ηE/F (−1)
nid
∏
i; σ(i)=i
ε(∆i)ε(∆i ⊗ ηE/F ).
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Let i be a fixed point of σ. Since ∆i is CGni (E
×)-distinguished, we have
ε(∆i)ε(∆i ⊗ ηE/F ) = (−1)
niηE/F (−1)
nid/2
from the essentially square-integrable case. Therefore the above product equals (−1)nηE/F (−1)
nd/2.

Remark 3.3. (1) It is easy to see from the above argument, Conjecture 1.1 holds without the
condition that pi corresponds to a generic representation of GLnd(F ).
(2) For representations corresponding to generic representations, i.e. representations induced
from totally unlinked multisegments, Theorem 1.2 provides a complete classification of H-
distinguished representations modulo essentially square-integrable representations.
Example 3.4. Let 1n be the trivial representation of G = Gn. We check that pi = 1n satisfies the
equation of Conjecture 1.1 (ii). The standard module which has a surjection onto 1n is
ν
(n−1)d/2
1 × ν
(n−3)d/2
1 × · · · × ν
(1−n)d/2
1 .
From [Bad08, Theorem 6.1 (a)], we have
ε(1n) =
n−1∏
j=0
ε
(
1
2
+
(
n− 1
2
− j
)
d, 11, ψ
)
=

1 if n is evenε(11) if n is odd.
Similarly, we get
ε(1n ⊗ ηE/F ) =

ηE/F (−1)
nd/2 if n is even
ηE/F (−1)
nd/2ε(11 ⊗ ηE/F ) if n is odd.
When n is even, we obtain the desired equation. Suppose that n is odd. From Conjecture 1.1 for
essentially square-integrable representation 11 of D
×, we have ε(11)ε(11 ⊗ ηE/F ) = −ηE/F (−1)
d/2.
Hence the equation of Conjecture 1.1 (ii) holds.
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